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Abstract. Let 5* be a parametrized surface in given as the image oi 4> : x ^ P^. 
This paper will show that the use of syzygies in the form of a combination of moving planes and 
moving quadrics provides a valid method for finding the implicit equation of S when certain 
base points are present. This work extends the algorithm provided by Cox |^ for when (j> has 
no base points, and it is analogous to some of the results of Buse, Cox, and D'Andrea [5| for 
the case when : P^ has base points. 



1. Introduction 

The use of syzygies has been explored in a number of recent works as an alternative to 
resultants for producing determinantal formulas for the equations of rationally parametrized 
curves and surfaces. The article by Cox |^ provides a detailed survey of the current status of 
the problem of finding the implicit equation of a rational surface 5 C P^ described implicitly 
by a map cp : X ^ P^, where X is either P^ or P^ x P^. The reader is referred to this paper 
and its references for a discussion of the history of the use of syzygies in the implicitization 
problem, that is, the problem of finding a generator for the ideal I{S) from the knowledge of 

In this paper we will only consider the case X = P^ x P^, so that our parametrization map 
: P^ X P^ ^ P^ will have the form 

(1) (j) = [ao(s, n; t, v), ai{s, u; t, v), 02(5, u; t, v), 03(5, u; t, v)], 

where ao, oi, 02, 03 € R = C[s, u, t, v] are bihomogeneous polynomials of bidegree (m, n). 
Moreover, we always assume that gcd(ao, ai, 02; 03) = 1- Even with the gcd assumption, it can 
happen that there are points of P^ x P^ where all of the Oj, < i < 3, vanish simultaneously. 
These are points, referred to as base points, where the map (j) is not defined. The goal of this 
paper is to study the implicitization problem when base points are present, but we will start 
by summarizing how syzygies were employed by Cox, Goldman, and Zhang 0, [S] to produce 
a determinantal equation for S in the case of no base points. If (j) has no base points, that 
is, ¥(00,01,02,03) = in P^ X P-^, and (j) is generically one-to-one, then the image of </) is a 
surface S" C P'^ of degree 2mn, Theorem 3.1], 

In the polynomial ring C[s,u,t,v, xq, xi, X2, X3] = i2[xo, xi, X2, X3], consider the polynomial 

are bihomogeneous polynomials, all of the same bidegree. 
If we fix a point p = [s, u; t, v] x P^, then Yli=o ^^(p)^;* = is an equation of a plane in 

P^, provided some Ai[p) ^ 0. When the point p changes, we will obtain different equations 
of planes in P^. This suggests the following definition: 
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Definition 1.1. A moving plane on is a polynomial of the form 

3 
i=0 

where, for < i < 3, Xj are homogeneous coordinates on P^ and Ai £ R are bihomogeneous 
polynomials of the same bidegree {k,l), which we will call the bidegree of the moving plane. 
We say the moving plane follows the parametrization (p if 

3 

Ai{p)ai{p) = 0, for all p G P^ x P\ 

which is equivalent to 

3 

(2) YAiai = £C[s,u,t,v] 

i=0 

where the polynomials (0 < i < 3) are the parameters that define the surface S. 

In the language of commutative algebra, Equation states that the moving plane Yli=o ^i^i 
follows the parametrization (p if and only if 

(^0,^1,^2,^3) G Syz (00,01,02,03) 

where Syz (oq, oi, 02, 03) denotes the syzygy submodule of i?^ determined by oo, oi, 02, 03 G R. 
Analogously: 

Definition 1.2. A moving quadric is polynomial 

(3) ^ ^ AijXiXj 

0<i<J<3 

which is quadratic in the homogeneous variables Xi (0 < i < 3) and where all of the Aij G R 
are bihomogeneous polynomials of the same bidegree (A;, /). We will call this common bidegree 
(A:, I) the bidegree of the moving quadric. 

As with moving planes, a moving quadric follows the parametrization (j), if 

{Aoo,Aoi,...,A3s) G Syz (oq, oooi, . . . , a^), 

which means that 

Aij{p)ai{p)aj{p), for all p G P^ x P^ 

0<j<j<3 

We will primarily have occasion to focus on moving planes and moving quadrics of bidegree 
(m — l,n — 1) that follow the parametrization <j), which we have assumed has bidegree {m,n). 
If Rk^i C R denotes the bihomogeneous forms of bidegree {k,l), then the moving planes of 
bidegree (m — 1, n — 1) make up the kernel of the complex linear map 

MP ■ P4 [gp ai a2 a2 m] 

Mr . lri^_i ,^_i > -K2m-l,2n-l 

given by 

3 

MP{Aq, Ai,A2, A3) = Y ^i^i- 
Note that the standard monomial basis of Rk i is 



= :0<i<A:, 0<i</} 



IMPLICITIZATION 3 

SO that dime Rk,i = (A; + 1)(/ + 1). With respect to the standard bases on 
and B2m~i, 2n-i on i?2m-i, 2n-i 5 the Hnear map MP is represented by a 4mn x 4mn matrix that, 
by abuse of notation, we will also denote by MP. If </> has no base points and is generically one- 
to-one, then MP is an isomorphism j5j page 8], so that there are no moving planes of bidegree 
(m — l,n ~ 1). One of our results fLemma 14. 5|) is the verification that certain base points of 
total multiplicity k will will have the effect of producing exactly k linearly independent moving 
planes. 

Similarly, the moving quadrics of bidegree (m — 1, n — 1) are the kernel of the map 

MQ : Rm~i^n~l ^ -R3m-l,3n-l 

given by 

MQ{Aoo,Aqi,...,A33) = ^ Aijaittj. 

0<i<i<3 

As for the case of moving planes, we will identify the map MQ with the 9mn x lOmn matrix 
which represents MQ in the standard bases. Since 

dimRl^_i — dimi?3m_i^3„_i = Wmn — 9mn = mn, 

it follows that dimSyz (cq, • • • ,03)^,-1,71-1 ^ it^it- and 

dimSyz (oq, • • • ,a|)m-i,n-i = itT''^ <^=^ MQ has maximal rank. 

Thus, if MQ has maximal rank, we can choose a basis of exactly mn linearly independent 
moving quadrics of bidegree (m — l,n — 1) which follow the parametrization (p. Each of these 
mn linearly independent moving quadrics Qk (1 < A; < mn) can be written as 

Qk — ^ ^ AijXiXj 

ni—l n—1 




0=0 /3=0 



m— 1 n—1 



a=0 (3=0 \0<i<j<3 / 
m—1 n—1 

(4) = ^ ^Qfc,a/3(xo,Xi,X2,X3)s"t^ 

a=0 /3=0 

where Qk,a/3 is a quadric in Xi with coefficients in C. To simplify the notation somewhat, 
we have identified the bihomogeneous monomial with its particular de- 

homogenized form s'^t^ obtained by taking u = v = 1. Arrange the Qk,ai3 into a square 
matrix M of size mn x mn, where the columns of the matrix M are indexed by the monomial 
basis {s°i^}™=o^^=o^ of i?m-i,n-ii and the rows are indexed by the mn moving quadrics Qk 
(1 < A; < mn). Since each entry of M is a quadric in Xj, we may write 

M= [Qfc,a/3], 

SO that the determinant of M, denoted as usual by |M|, is a polynomial in the variables Xi 
of degree < 2mn. One of the main results of jS] uses the matrix M to give a determinantal 
equation for 5 = Im (</>) . 

Theorem 1.3. Suppose that </> : x — > has no base points and is generically one-to- 
one. If MP has maximal rank, then so does MQ and furthermore, the image of (p is defined 
by the determinantal equation \M\ = 0. 
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Proof. See Theorem 3.1]. 



□ 



The goal of this paper is to prove a similar result where base points are allowed so long as 
each base point is a local complete intersection and the total multiplicity of all base points 
does not exceed mn. In the case that x is replaced by P^, a similar extension has 
already been done by Buse, Cox, and D'Andrea [2_. The strategy is to replace certain of the 
moving quadrics in the matrix M with the k linearly independent moving planes which exist 
because of the presence of the base points. The proofs of these results require an extension of 
the concept of regularity of a module, which is traditionally a concept for graded modules, to 
cover the case of bigraded modules. This extension was developed in a recent series of papers 
[S], JU]. We will start by summarizing the results needed from these papers, and prove some 
additional results needed for the application to our implicitization problem. 

2. Bigraded regularity and Saturation 

We will start by recalling the definition and some of the results concerning bigraded reg- 
ularity and saturation as developed in j9j. Our main goal in this section is a bound on the 
bigraded regularity of the saturation of a power of an ideal. This result is inspired by results 
of Chandler [3]. 

In this section we will work over the polynomial ring R = K[xq, . . . , Xm, yo, ■ ■ ■ , Vn] where 
K is an infinite field, and m, n > 1. We will make R into a bigraded -fC-algebra in the normal 
manner by assigning the bidegree (1, 0) to the Xi variables and the bidegree (0, 1) to the yj 
variables. Moreover, we will partially order by the rule {k, I) < (r, s) if A; < r and / < s. 
As usual, we let Rk, i denote the iC-subspace of R consisting of bihomogeneous polynomials of 
bidegree (fc, I), and if M is a bigraded ii-module, then M^^i is the (A;, /) bihomogeneous part 
of M. Let 

m = (xo, . . . , Xm) n (yo, ■ ■ ■ , yn) = {{xiyj ■ < i < m,0 < j < m}) C R. 

The ideal m is known as the irrelevant ideal of R. Moreover we note that the local cohomology 
modules Hl^{M) are naturally bigraded i?-modules. 

Definition 2.1. (See Definition 3.1]) We say that a bigraded i?-module M is {p,p') -regular 
if for all i > 0, 

Hin{M)k,k' = whenever {k,k') € Regi_i(p,p'), 
where Regj{p,p') = {{x, y) £ 1^"^ : x > p — j, y > p' — j, x + y > p + p' — j — 1}. 

Remark 2.2. 1. The definition of {p, p')-regular given here coincides with what is called 
weakly {p, y)-regular in [Hj. In that paper, a concept known as strongly {p, p')-regular 
is also introduced and studied. Since we will not need this stronger version in this paper, 
we shall simply use the term {p, y)-regular for what would normally be referred to as 
weakly (p, p') -regular. 

2. The definition given above for (p, p') -regularity is an extension to bigraded modules of the 
concept of Castelnuovo regularity for graded modules as found, for example, in Ooishi 
|13j . The concept of regularity was originally defined for coherent sheaves of modules 
on projective space by Mumford J2j, and this version of regularity is also treated in the 
bigraded case in 'W . The reader is referred to this paper for a precise comparison of the 
two concepts. However, in case the bigraded R module M is an ideal I C R generated 
by bihomogeneous polynomials and 2 C Ox (where X = P™ x P") is the corresponding 
sheaf of ideals in the structure sheaf Ox, the equivalence is expressed by the following 
result. See jSl Proposition 3.5] for details. 



IMPLICITIZATION 5 

Proposition 2.3. With the above notation, the bihomogeneous ideal I <Z R is (p, p')-regular 
if and only if natural map 

Ip^p,^H'{X,I{p, p')) 

is an isomorphism and 

W{X, I{k, k') = whenever (k, k') E Regj(p,p'). 

As usual, 2{k, k') denotes the twisting of I in bidegree {k, k'). Moreover, if I is (p, p')-regular, 
then the natural map 

h,d'^H\xa{d, d')) 
is an isomorphism for all {d, d') > {p, p'). 

Definition 2.4. Let M be a bigraded submodule of a finitely generated free -R-module F. The 
saturation of the module M, denoted by M^^^ or sat(M) is the submodule of F defined by 

The submodule M is said to be saturated if M = M^^^, while M is {p, p') -saturated if 

Ml%, = Mk,k' for ah {k, k') > {p, p'). 

Lemma 2.5. Let R = K[xq, . . . , Xm, yo, ■ ■ ■ , y-n] where (m, n) > (1, 1) and let M be a bigraded 
submodule of a free R-module F of finite rank. Then 

1. H^{M) = 0, and 

2. H^{M) ^ M^'^VM. 

Proof. H^{M) = U„(0 :m m*^) = since M is a submodule of a free module F. The long 
exact cohomology sequence for 

> M > F > F/M > 

has a segment 

H'r.iF) > Hl,{F/M) > HUM) > Hl[F). 

Since F is free and (m, n) > (1, 1), it follows that grade_p(m) > 2, so that Hl^(F) = for 
i = 0, 1 (see ^ Theorem 6.2.7, Page 109]). Thus there is an isomorphism 

H^M) ^ H^F/M) = M'-'^^/M. 

□ 

Proposition 2.6. Let M be a bigraded submodule of a free R-module F of finite rank and let 
M be the corresponding coherent sheaf of modules on X = P™ x P" . Then 

Ml^\ = H\X, M{k, I)). 

Proof. For any finitely generated bigraded i?-module M there is an exact sequence (see 
Corollary 1.5]): 

> H^M) > M > ®^a,b)ez^H^iX, M{a, b)) > Hl^{M) > 0. 

Since M and M^^^ generate the same sheaf M on X, we can apply this exact sequence with 
M replaced by M^^^. Lemma 12.51 shows that Hl^{M^^^) = for i = 0, 1, and the result 
follows. □ 

Corollary 2.7. If M is a bigraded submodule of a free R-module F of finite rank, then M 
is (p, p')-saturated if and only if Hl^{M)k^kt = for all (k, k') > {p, p'). Moreover, if M is 
(p, p')-regular, then M is [p, p')- saturated. 

The converse of the last statement is true in the case of dimension 0: 
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Lemma 2.8. Let I (Z R be a bihomogeneous ideal with dimR/I = 0, where dim refers to Krull 
dimension. Then the following are equivalent: 

1. I is (p, p') -saturated. 

2. I is {p, p')-regular. 

3. Ik,k' = Rk,k' for all {k, k') > {p, p'). 

Proof. (1. 44> 3.) This is clear since / is (x, y) -primary. 
(2. ^ 1.) CorollaryEHl 

(1. =^ 2.) According to Definition 12.11 we need to show that 
(*) Hl^{I)k,k' = whenever {k, k') G Regj_i(p, p'). 

Since H^{I) = 0, (*) is certainly true for i = 0, and since / is (p, p')-saturated, H^{I)k^k' = 
Il%,/Ik,k' = for all {k,k') G {p, p') +1?^ = Rego(p,p')> where Z+ = {x € Z : x > 0}. Thus 
(*) is satisfied for i = 1. Now consider the case i>2. The long exact cohomology sequence of 
the exact sequence 

> I > R > R/I > 

contains the segment 

h'^HR/i) > hUi) > hUR) > hUR/i)- 

Since dim R/I = 0, it follows that Hl^{R/I) = for i > 1, so that if i > 2, we conclude 
that Hl^{I) = Hl^{R). By j9i Proposition 4.3 and Corollary 4.5], R is (0, 0)-regular, and 
by Theorem 3.4], it follows that R is (p, p')-regular for all {p, p') > (0, 0). Therefore, 
^mi^)k,k' = Hl^{R)k,k' = for all {k,k') £ Regj_x(P; p')- Thus, (*) is also satisfied for i > 2, 
and hence I is {p, p')-regular. □ 

With this background out of the way we can proceed with a discussion of the results on 
regularity of the powers of a bihomogeneous ideal that will be needed for the implicitization 
problem. 

Proposition 2.9. Let I C R generated by bihomogeneous forms of bidegree < (r, r'), and 
assume that I is {p, p')-regular. If dimR/I = 0, then P is {I, l')-regular for some (/, /') < 
((e- l)r +p, {e-iy +p'). 

Proof. The proof is by induction on e. The result is true for e = 1 by assumption. Since 
dimR/I = dimR/I^ = 0, we can proceed by induction, and assume that J^-i is ((e - 2)r + 
p, (e — 2)r' + p')-regular. 

According to Lemma r2.8l we need to show that I^ j., = Rk,k' for any (k, k') > ((e— l)r+p, (e— 
l)r'+p'). For this, it will suffice to show that M € I^ for every monomial M of bidegree {k, k'), 
where {k, k') > ((e — l)r + p, (e — l)r' -\-p'). Thus let M be an arbitrary monomial of bidegree 
{k, k') > ((e - l)r+p, (e - l)r' + Write M as a product M = NN' where N and N' are 
monomials of bidegrees (p, p') and {k — p, k' — p'), respectively. Suppose that / = {fi, . . . , fg), 
where bideg(/j) = (dj, d'j) < (r, r'), for all i. Since / is {p, p')-regular, € / by LemmaEHl 
Thus we can write A^ = Yli=i ^ifi^ where bideg(Aj) = (nj, n^) = {p—di, p' —d[) > {p—r, p'—r'), 
so that 

hideg{NiN') > {k - r, k - r') > ((e - 2)r+p, (e - 2)r' +p'). 

By the induction hypothesis, A^A^' G r~^, and hence M = Yl'i=i^i^'fi ^ ^^'^^ = I"- By 
Lemma l2.8| we conclude that /"^ is ((e — l)m + p, (e — l)m' + p')-regular. □ 

Theorem 2.10. Let I C R be a bihomogeneous ideal, and assume that 

1. V(/) C P" X P" is finite; 

2. / is {p,p') -regular; 

3. / is generated by forms of bidegree < (r, r'). 
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Then J = sat(/'^) is ((e — l)r + p, (e — l)r' + p')-regular. 

Proof. We will let X = P*" x P" and Z will denote the finite subscheme V(/). The proof is 
by induction on e. Suppose e = 1. In this case, it is necessary to show J is (p, p')-regular, i.e., 
i/^(J)fc^fc/ = for all i > and {k, k') € Keg^_i{p, p'). Since J is a saturated ideal, Lemma 
12.51 shows that Hl^{J) = for i = 0, 1, so that Hl^{J)k i^i = for i = 0, 1 and for all k, k' . 

If i > 2, let I and J be the sheaves on X = P™ x P" defined by /, and J respectively. The 
long exact cohomology sequence of the exact sequence 

> 1 > J > J /I > 

tensored with 0{k, k') contains the segment 

H'~\Z, {J/I){k, k')) ^ H\X,I{k, k')) ^ H\X,J{k, k')) ^ H\Z, {J/I){k, k')). 

Since dimZ = 0, H'^{Z, (J' /I)(k, k')) = for i > 1 and for all k, k'. Since / is {p, p')-regular, 
H^{X, I{k, k')) = for {k, k') € Regi(p, p') by Proposition lO Thus, we have 

(5) H\X,J{k,k'))=Q, y{k,k') eReg^{p,p'), 
and, 

H\X,J{k,k')) = H\X,I{k,k')), Vi > 2. 

Since / is (p, p')-regular, 

(6) W{X,J{k,k')) = H\X,I{k,k')) = 0, Vi>2, y{k, k') eRegi{p,p'), 
and combining Equations © and ©, we conclude that 

H\X,J{k,k')) = 0, Vi>l, {k,k')eReg,{p,p'). 
Since Hi+'^{J)k,k' = H'{J{k,k')), for ah i > 1, it follows that 

HUj)k,k' = 0, Vi>2, (A:,A;') eReg,„i(p,p'), 
and hence, J is (p,p') -regular when e = 1. 

Now assume that e > 2. The sheafification of J is I^, and H^{X,I'^{k, k')) = Jj. k'- Define 
Z^"^) = which has the same support as Z and is hence is finite. Since J is saturated, we 

have Hi^lj) = for i = 0, 1 (Lemma 1^. Let I') = ((e - l)r +p, (e - l)r' +p')). We must 
show that 

H\X,I''{k,k')) = for {k,k') e Regi(/,/'), all i > 1. 
Tensor the following exact sequence 

> > 1"'^ > Z^-i/T^ > 0. 

with 0{k, k') and consider the resulting cohomology sequence. Since the support of Z'^~^/X'^ is 
contained in Z, which is 0-dimensional, it follows that W{X, {Z^~'^ /T^){k,k')) = for i > 1. 
Therefore, 

H\X, I%k, k')) = H\X, I'^-^ik, k')) for all i > 2, 
and the latter group vanishes by induction for all 

{k, k') e Regi((e - 2)r + p, (e - 2)r' + p') D Regi((e - l)r + p, (e - l)r' + p ). 
Thus, we have the required vanishing for i > 2. Now look at the sequence 

H°{X,I^-^{k,k')) H^{X,{I'^-^II^){k,k')) . H^{Xa^{k,k')) . H\X,I''~^k,k')) 

By induction, the last term vanishes for all {k,k') € Regi{l,l'), so that the next-to-last term 
will vanish there provided we show that (j) is onto for those same {k, k'). 
Suppose Z = {pi, . . . , ps}. Note, since the support is finite, we have 

H^{X, {T-^ /T){k,k')) = ^{r-'Ox,p/I'Ox,p)ik,k') 
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We will show that for (k, k') £ Regi{l, I') and for any 

with bihomogeneous forms with degUj— degVj = (fc, A;'), u-i G /"^^i we can find a bihomogeneous 
g G {I'^~''Tkk' ^'^d forms Hi with Hi{pi) / 0, such that 

(7) Hi{gvi - Ui) € for ah i. 

This will prove that ip is surjective. 

Let / be generated by bihomogeneous elements fi, ■ ■ ■ , fr with bidegree {nii, m^) < (r, r'). 
We can write 

u^ = 5^a»j/j,for some a^^ G /fclL.^'-m' 

Note that (a, a') = (k — nij, k' — m'-) G Reg;^((e — 2)r +p, (e — 2)r' by our initial choice 

of (/c, /c'). Tensor the following exact sequence 

> i^-^ > J''-2 > 2:^-2/2:'=-i . 

with Ox{oi,a'), and consider the resulting cohomology sequence 

By our induction hypothesis, the third term vanishes, so that is onto for this {a, a'). This 
means that for every j, and each 

• • • ' ^) ^ ©(/^-^Ox,p./r-^Ox,p.)(A. - m„ k' - m'^) 

i 

we can find a bihomogeneous gj G and forms Hij with Hij{pi) ^ 0, such that 

(8) Hij{gjVi — Uij) G for all i. 

We may replace each Hij by ffj = J^^ Hij . Multiply equation © by fj and sum the result over 
j and define g = "^gjfj G Then we have obtained equation 0, as required. □ 

3. Finite Subschemes of x 

This section will be devoted to a presentation of several results which can be proven for 
bihomogeneous ideals / that define finite subschemes of P^ x P^, but that do not necessarily 
have immediate analogues for subschemes of general biprojective spaces. The results proved 
are analogous to the results proved in [2] for application to the implicitization problem for 
maps : P^ ^ P^. Our results will be similarly applied for the implicitization of maps 
(f> : X P^ — > P'^. Since we are restricting ourselves to this low dimensional case, we will 
let R be the polynomial ring C[s, u, t, v] in the variables s, u, t, and v, where, as usual, the 
bigrading of R is given by setting the bidegree of s and u to be (1, 0) and the bidegree of t and 
V to be (0, 1). If / = (/i, . . . , fr) C -R is an ideal generated by forms all of the same bidegree 
(m,n) with m, n > 1, then there is a rational map (pf : x ^ pr— i defined by 

(pi = u;t, v),..., fr{s, u; t, v)]. 

Note that the polynomial ring C[s, t, v] inherits a bigrading as a subring of i? = C[s, u, t, v], 
so that a polynomial /(s, t, v) is bihomogeneous with bidegree (m, n) if and only if /(s, t, v) = 
^"^Q ajjs"^t* = s'^g{t, v), where g(t, v) is homogeneous of degree n. 
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Lemma 3.1. Let I C S = C[s, t, v] be an ideal, minimally generated by r bihomogeneous 
forms of bidegree (m, n). That is, I = s^'J where J C C[t, v] is generated by homogeneous 
polynomials of degree n. If V(J) = m P^, then I is (p, p')-regular for all p > m and 
p' > 2n — r + 1. 

Proof. This follows from 9, Remark 4.12] and Lemma B.l in [2]. □ 

Remark 3.2. Similarly, let / C S" = C[s,u,t] be an ideal, minimally generated by r bihomoge- 
neous forms of bidegree (m, n). That is / = J where J is generated by homogeneous polyno- 
mials in C[s, u] of degree m. If V( J) = in P^, then I is -regular for all p > 2m — r + 1 
and p' > n. 

Lemma 3.3. Let I C R = C[s, u, t, v] be minimally generated by r > A bihomogeneous forms 
of bidegree (m, n) with both m, n > 1. Assume that dimlm (cpf) = 2 and that C P^ x P^ 
is finite. Given i € -Ri,0) l^t h the image of I in the quotient ring Rj {€). Then for a generic 
i, Li is minimally generated by at least 2 elements. 

Proof. The proof is a straightforward modification of the Bertini theorem argument in [21 
Lemma B.2]. See also |15| Lemma 3.4.3]. □ 

Remark 3.4. The above result is also true if the given generic element i is chosen from i?o, i. 

The following is the main vanishing theorem needed for our applications. 

Theorem 3.5. Let I <Z R = C[s, u, t, v] be minimally generated by r > 4 bihomogeneous forms 
of bidegree (m, n). Assume that dimlm (0/) = 2 and assume that V(/) C P"*^ x P-*^ is finite. If 
2 is the associated sheaf of ideals on X = P^ x P^, then 

1. H^{X, I{k, k')) = for all {k, k') > (2m - 2, 2n - 2), and 

2. H'^lx, I{k, k')) = for all {k, k') > (0, 0). 

Proof. \i Z = C X = P^ X P^, there is an exact sequence 

^ X ^ Ox ^ Cz ^ 0, 

which, upon taking the tensor product with Ox{k, k'), gives rise to a long exact cohomology 
sequence 

^ H\X, Oz{k, k')) ^ H^{X, I{k, k')) ^ H\X, Ox{k, k')) ^ H\X, Oz{k, k')) ^ . 
Since Z is finite, H'{X, Oz{k, k')) = for ah i > 1. By the Kiinneth formula [Hj, 

H^{X, I{k,k')) = H\X, Ox{k,k')) = 0, for all {k, k') > (0, 0). 
This proves item 2. 

To prove the first statement, choose a line i £ i?i^o such that Y{i) n V(/) = and I = 1^ = 
the image of / in R/{i) is minimally generated by at least two elements. This is possible by 
Lemma l3.3l Then by Lemma l3. 11 we know that / is {p, p')-regular for p > m and p' > 2n — 1. 
If T is the sheaf on Y{£) = associated to /, then by Proposition 12. 3( we have 

, . Ik,k' = ^°(V(£), T{k, k')) for all (A;, k') > (m, 2n - 1), and 

' H^{Y{e),I{k,k')) = for all (A:, A:') > (m- 1, 2n-2). 

Now, we consider the following exact sequence: 

C'pixpi(-1,0) Opixpi C'v(^) = Opi 0. 

Tensoring with T{k, k') gives the exact sequence: 

Tor^^'''^\l{k,k'),Opi)^I{k-l,k')^l{k,k')^Oj,i®o i ,l{k,k')^^. 
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Note Opi (^Opi^pi I{k,k') = Z{k,k'). Since Opi is supported on Y{£), the Tor-sheaf is 
supported there. Also, for p ^ the sheaf I(k,k') is locally free. Hence the Tor-sheaf 

vanishes at p if p ^ ^(-^)- Hence the support of the Tor-sheaf is contained in n V{i). By 
the generic choice of i, V(I) H Y{£) = 0, so the Tor-sheaf vanishes. Thus there is exact sheaf 
sequence 

0^1{k- 1, k') I{k, k') T{k, k') -> 0. 
that gives the following commutative diagram 

Ik,k' > Ik,k' > 

J, J, \. 

H%X,I{k,k')) H^{N{l),l{k,k')) H\X,I{k-l,k')) 

> H^{X,I{k,k')) > H\Y{e),T{k,k')) 

with exact rows. If {k, k') > (m, 2n — 1), Equation © shows that {¥{£), I{k, k')) = and 
Ii^ i^i = H^(y{£), T{k, k')). Therefore, a is onto, and (i is zero, which implies that there is an 
isomorphism 

H^{X, l{k - l,k')) ^ H^[X, I{k,k')), for all {k, k') > (m, 2n - 1). 
An analogous argument with a generic line i € -Rq, i produces another isomorphism 
H'^iX, I{k,k' - 1)) ^ H^{X, Iik,k')), for all (A;, k') > (2m - 1, n). 

Therefore, 

H'^iX, I{k -l,k' - 1)) ^ H'^iX, I{k, k')), for all {k, k') > (2m - 1, 2n - 1). 

Since H^{X, I{m,n)) = if (m, n) » (0, 0), we conclude that H^{X, I{k,k')) = for ah 
{k, k') > (2m - 2, 2n - 2). □ 

We are now able to prove the following result relating regularity of the ideal / and the 
degree of the 0-dimensional subscheme V(/). This is one of the main results needed for the 
application to the implicitization problem. 

Theorem 3.6. Let I C R be minimally generated by r > 4 bihomogeneous forms of bidegree 
{m,n) with m,n > 1. Assume that C X = x P-*^ is finite and dimlm{(j)j) = 2. // 
{p, p') > (2m — 1, 2n — 1), then I is {p,p') -regular if and only if dim.£{R/I)p pi = deg(V(/)), 
where deg(V(/)) denotes the degree of the 0-dimensional subscheme V(I). 

Proof. When p > 2m — 1 and p' >2n — 1, Theorem 13.51 implies H^{X, Z{p,p')) = 0. Thus, the 
exact sheaf sequence 

^ X ^ Opixpi ^ ^ 

produces an exact sequence 

^ i/0(X, Iip,p')) ^ H\X, Oxip,p')) - H\Z, Ozip,p')) - 0. 
This gives the following commutative diagram with exact rows: 

^ H^iX,I{p,p')) ^ H%X, Oxip,p')) ^ H^iZ, Ozip,p')) ^ 

— i- Ipy Rp,p> {R/I)p^pi 0. 

We have Rp^p, = H°{X, Ox{p,p')) and if / is (p,p')-regular, then Ipy = H°{X, I{p,p')). The 
5-lemma then shows that {R/I)p.pi = H^{Z, Oz{p,p')), so that 

dimc(i?//W = dimci/°(Z, Oz{p,p')). 
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But 

dime H\Z, Oz)=degiZ), 

and since 

dime H\Z, Oz) = dimcH\Z, Oz{v,p')) 
when Z is finite, we conclude that 

dime (i?//)py = deg(Z). 

Conversely, suppose dimc(i?//)py = deg(Z). Since H^(X, I{k,k')) = for all k,k' >0 by 
Theorem 13.51 it follows from Proposition 12.31 that to show / is (p,p')-regular, we only need to 
prove that 

V ^ H'^iX, I{p,p')), and H\X, I{p -l,p'- 1)) = 0. 

li p > 2m — 1 and p' > 2n — 1, then H^(X, Z{p — l,p' — 1)) = by Theorem 13.51 We know 
that the natural map /^y H^{X, I{p,p')) is injective, so it is enough to show that 

dimc/p,p' = dimc-H'°(X, I{p,p)). 

From the exact sequence 

^ H\X, I{p,p')) ^ ^ H^Z, Oz{p,p')) ^ 0, 

we conclude that 

dime H\X, I{p,p')) = dime Rp,p' - dime H\Z, Oz{p,p')) 

= dime Rp^pi - deg(Z) = dime Rp^p' - dime(-R//)p,p' = dime /p,p'. 
Thus Ip^pi = H^{X, Tp^pi) and / is -regular. □ 

Corollary 3.7. Under the hypotheses of Theorem Vj.(A. if I is {p,p') -regular, then dimc(i?//)fc,fc' = 
deg(V(/)) for all {k, k') > {p,p'). 

Proof. If / is {p, p')-regular, then / is {k, A;')-regular for all (k, k') > {p, p'). □ 

Example 3.8. If / = {u^t^v,uH^ + suv^ , sHv"^ , s^v^ + s^t^) C C[s, u, t, v], then V(/) = 
(0,1; 0,1) E P"*^ X P^. In this case, each generator of / has bidegree {m,n) = (2,3) and 
(2m — 1, 2n — 1) = (3, 5). A computation with Singular jTj shows dime(-R//)3,5 = deg V(/) = 2. 
Therefore, / is (3, 5)-regular by Theorem 13.61 

We will conclude this section with a brief description of a result on syzygies that will be 
needed in the proof of our implicitization theorem. 

Definition 3.9. Let / = (ri, . . . , r„) C be an ideal generated by bihomogeneous elements 
of R. In analogy with the case of a rational map, we will say that V(/) is the base point scheme 
of /. 

1. The syzygy submodule of I is the submodule of relations among the r^ (1 < i < n) 
defined by 

Syz (ri, . . . , r„) = {(ai, . . . , o„) G i?" : am H h a„r„ = 0} . 

2. A syzygy (oi, . . . , an) € Syz (ri, . . . , r„) vanishes at the base points of I if, for each i, 
Oi G P"^^. 

3. A syzygy (oi, . . . , a„) G Syz (ri, . . . , r„) has bidegree (/c, I) provided each aj has bidegree 
(fc, /). 
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4. If ej € ii" denotes the standard basis vector with a 1 in the i^^ position and elsewhere, 
then a basic Koszul syzygy for the ideal / is one of the form 

Sij = rjei - riBj, for i < j. 

Since (rj)rj + {—ri)rj = for i / j, it is clear that Sij € Syz (ri, r„). Let 
Kos (ri, . . . , rn) C Syz (ri, . . . , r„) be the submodule generated by the basic Koszul 
syzygies. We refer to an arbitrary element of Kos (ri, . . . , Koszul syzygy. 

The following result is the fundamental result relating the Koszul syzygies of the ideal I and 
the module of syzygies of I which vanish at the base points of / in the special situation that 
we will need for this paper. 

Theorem 3.10. Let a^, ai and 02 € i? 6e bihomogeneous polynomials of bidegree (m, n) 
and suppose that V(ao, ai, 02) C x P-^ is finite, each base point p G V(ao, oi, 02) is a 
local complete intersection, and that (Aq, Ai, A2) S Syz (oq, ai, 02) is a syzygy of bidegree 
{k, I), where {k — 2m + !)(/ — 2n + 1) > 0. Then {Aq, Ai, A2) vanishes on the base points of 
I = (oo, oi, 02), if and only if {Aq, Ai, A2) € Kos (oq, ai, 02), which means that there are hi, 
h2, of bidegree {k — m, I — n) such that 

Aq = hia2 + /i2ai 
Ai = -/i2ao + ^3^2 
A2 = —hittQ — h^ai. 

Proof. This result follows from Corollary 3.15 of 10^. See Remark 3.16 in that paper. □ 

To say that / is a local complete intersection means that each local ring Zp of the associated 
sheaf of ideals T is a complete intersection ideal. Precisely, if / is an ideal of R generated by 
bihomogeneous forms, and Z = V(/) C P^ x P^ is a finite set, then we say that a base point p G 
Z is a local complete intersection (LCI) if the local ring Tp C Ox,p is a complete intersection 
ideal, i.e., Ip is generated by two elements. The ideal / is a local complete intersection provided 
each base point p £ Z is a local complete intersection. 

4. Local complete intersection base points of total multiplicity k < mn 

In this section, we will extend the method of moving quadrics to the case where multiple 
base points are present. Throughout this section, (p will be a map (/> : P^ x P^ — > P^ given 
by 4){s,u;t,v) = [oq, ai, 02, 03] where each G i? is a bihomogeneous polynomial of bidegree 
{m,n), and / = (ao, oi, 02, 03)- For convenience of reference, we will list some conditions on 
(j) related to base points. Some of these conditions will be needed in each of the results of this 
paper, and they will be referred to by number (Bl - B6) as needed. 

Bl: The polynomials ai{s,u,t,v) (0 < i < 3) are bihomogeneous of bidegree m,n and are 
linearly independent over C. 

B2: The base point scheme V(/) consists of a finite number of base points with total multi- 
plicity k < mn. 

B3: Each base point p € V(/) is a LCI. 

B4: dimc(i?//)2m-i,2n-i =deg(V(/)). 

B5: The base point scheme V(/) = V(ao, ai, 02) and 03 G sat(ao, ai, a2)- 
B6: dime Syz (oq, ai, 02)^-1, n-i = 0. 

Remark 4.1. Some remarks concerning these conditions: 

1. The condition Bl simply says that S = Im (</>) is not contained in any plane in P^. 
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2. The finiteness of Y{I) in condition B2 is equivalent to gcd(ao, ai, 02, as) = 1, while 
k < mn is equivalent to the degree inequality deg S deg (p ^ The last equivalence 
is a consequence of the degree formula 

2mn = deg (;/) deg S* + e(/, p), 

pGV(/) 

which is similar to jSj Page 19]. For a proof, see |15l Theorem 4.2.12]. In this formula, 
e{I, p) is the multiplicity of the local ring Xp. 

3. The above degree formula for the image of the parametrization involves the sum of 
the multiplicities of the base points. This equals deg(V(/)) only when V(/) is a local 
complete intersection. Hence the need for the condition B3. 

4. Condition B4 is necessary to be able to apply the regularity condition on / given by 
Theorem 13.61 

5. Conditions B5 and B6 are technical conditions which are needed to be able to apply 
Theorem Eini 

Lemma 4.2. Suppose oq, ai, 02, 03 £ C[s, u, t, v] are bihomogeneous of bidegree m, n with 
no common factor, andY{aQ, ai, 02, 03) is a local complete intersection. If we replace {aj}|^Q 
with generic linear combinations o/{oj}f^Q, then we have V(ao, oi, 02) = V(ao, oi, 02, as) as 
subschemes o/P^ x P^, and 03 € sat(ao, ai, a2). 

Proof. The result is proved in Theorem A.l, Corollary A. 2] for the case of homogeneous 
polynomials in k[x, y, z], but the argument works verbatim in the case of bihomogeneous 
polynomials. □ 

Remark 4.3. A consequence of Lemma 14.21 is that if the parametrization (/> : P^ x P^ — > P^ 
satisfies conditions Bl - B4, then after a generic linear change of coordinates T of P^, the 
resulting parametrization Tocp will satisfy Bl - B5. That is, if we allow generic linear changes 
of coordinates of the image space, then Bl - B4 still hold and B5 is a consequence of Bl - B4. 
Recall that MP denotes both the map 

Ml^ . U^_^^^_l > U2m-l,2n-l 

given by 



(^0, Ai, A2, As) ^^Ai 



3 

1=0 

and the 4mn x 4mn matrix which represents this map in the standard monomial bases on 
-^m-i,n-i ^'^d R2Tn-i,2n-i- If we replace {ajjf^o W Wi}i=o where each a[ is a generic linear 
combinations of {ai}?^Q, then the rank of the coefficient matrix MP will not change. Thus, the 
number of linearly independent moving planes is also not affected by a generic linear change 
of coordinates in the image space P^. 



[ao ai 02] 



Let 

MC : Rt 

be the map given by 



'm-l,n-l ' -n-2m-l,2n~l 

2 



(^0, Al, A2) ^^AiOi. 

i=0 

MC is represented by a matrix, also denoted MC of size 4mn x 3mn, and Ker (MC) 
Syz (ao, ai, a2). Thus 

dime Syz (ao, ai, a2)m_i,„_i = dime Ker (MC) , 
and the following fact is clear. 
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Lemma 4.4. If cj) : x ^ then MC has maximal rank (= 3mn) if and only if 4> 
satisfies condition B6. 

We start our analysis with the following lemma, which indicates that base points of total 
multiplicity k produce exactly k linearly independent moving planes of bidegree (m — 1, n — 1). 

Lemma 4.5. If cp : P^ x ^ satisfies the base point conditions Bl - B4, then 

dime Syz {I)m-i,n-i = k. 

Proof. Consider the following exact sequence: 

n Q ^ r\ d4 "1 (12 as] / n / r\ n 

U syz {l)m-l,n~l ^m-l,n~l ^ -K2m-l,2n-l ^ (,-K/ i j2m-l, 2n-l ^ U. 

We have 

dime Syz „_l = dimc(i?//)2m-l, 2n-l - dime i?2m-l, 2n-l +4dimci?m-l,n-l 

= dimc(i?//)2m-l,2n--l- 

Since at each base point, V(/) is a local complete intersection, we have X]pev(/) ^(-^' P) ~ 
deg(V(/)) = k. Thus, dimc(i?//)2m-i,2n-i = deg(V(/)) = k, and hence 

dime Syz (7)^-1, n-i = k. 

□ 

Remark 4.6. Under the hypotheses of Lemma |4.51 the condition dim^ Syz {I)m-i,n~i = k 
means that there are exactly k linearly independent moving planes of bidegree (m — 1, n — 1) 
which follow the parametrization (p. 

Our next goal is to prove that, under suitable conditions on the base point scheme V(/), 

dim^ Syz (/^)m-i, n-i = mn + 3k. 

We will start by proving the following two lemmas. 

Lemma 4.7. // : P^ x P-"^ — > P^ satisfies the conditions Bl - B4, and I = {oq, ai, 02, 03) 
as usual, then sat(/^) is (3m — 1, 3n — 1) -regular. 

Proof. Consider the following exact sequence: 

^ Syz ^ Rj^_i^n_i '"°'""'^> i?3m-l,3n-l ^ {R/ I^)3m-1, 3n-l ^ 0. 

This implies that 

dime Syz (/^)m~l,n-l = dimc(-R//^)3m-l, 3n-l - dimci?3m-l,3n-l + 10dimci?,n-l,n-l 

(10) = dimc{R/r) 3m— 1, 3n— 1 + mn. 

Conditions B2, B3, and B4 show that dimc(i?//)2m-i, 2n-i = deg(V(/)) = k, and this implies 
that / is {2m — 1, 2n — l)-regular by Theorem 13.61 Since V(/) is finite. Theorem 12.101 shows 
that sat{P) is ((2 - l)(2m - 1) + m, (2 - l)(2n - 1) + n) = (3m - 1, 3n - l)-regular, as 
claimed. □ 

For the second lemma, we will need the following result of Herzog |H1 Folgerung 2.2 and 2.4]: 

Proposition 4.8. Let Op be the local ring of a point p G P-*^ x P^, and let Ip C Op be a 

codimension two ideal. Then 

(11) dimcXpAp > 2 dime OpAp, 

and equality holds if and only if Tp is a complete intersection ideal in Op. 
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Lemma 4.9. If (p : x —>■ satisfies the conditions Bl - B4, then 

dime Syz (7^)^-1, n-i > mn + 3k. 

Proof. The exact sequence 

^ {I/I%r' ^ {R/I\r' ^ {R/I)r,r' ^ 

shows that dimc(i?//^)r,r' = dimc(i?//)r, r' + dimc(///^)r,r'; for sll r, r' . By condition B4 
dimc(-R/-/')2m-i, 2n-i = deg(V(/)) = k, and since duiic{R/ I)k,k' < dimc(-R/-?')«, /' whenever 
(/c, k') < (/, /'), it fohows that dimc{R/ I)r r' = k for r > 2m — 1, r' >2n — 1. Hence, 

dimc(i?//^)r. r' = k + dimc(///^)r,r' for r > 2m - 1, r' > 2n - 1. 

For r,r' ^ 0, dimc(///^)r, r' = Pi/p{fi where Pj/j2{r, r') is the bigraded Hilbert polyno- 
mial of ///^. 

If X is the sheaf of ideals associated to /, then 2/2^ has zero dimensional support since V(/) 
is finite. Therefore, letting X = P^ x P^, 

H\X,2/2')= V^p and H%X, 2/2\r, r')) = {2^/21) ^ O^r, r'), 
pev{7) pev(/) 

for all r, r' and hence 

dime 2/2^) = dime ^^^(r, r')) for ah r, /, 

while 2/2'^{r, r')) = {I/P)r,r' for all r,r' » by H-. Theorem 1.6]. Therefore, for all 

r, r' ^ we have 

Pl/j2{r,r') = dime(///^)r,r' 

= diincH\X,2/2\r,r')) 
= dime H^{X, 2/2^) 
= dimeTp/J^. 

p6V(/) 

Since each base point p € V(/) is a local complete intersection by condition B3, Proposition 
14.81 shows that 

(12) Yl dimeXp/T^ = 2 ^ dime Op/Xp = 2 deg(V(/)) = 2A;, 
PGV(7) pev(/) 

and hence, for r, r' ^ 0, 

(13) dime(i?//^)r,r' = dimc(-R//)r,r' + dime(///^)r,r' = A; + 2 ^ dime Op/2.p = 3k. 

pev{/) 

Since P]^s!,t{r, r') = Pm{''': '>'') for any finitely generated bihomogeneous i?-module M, it 
follows that 

dime(i?//^)r,r' = dimc(i?/sat(/^))r, r'; 

for r, r' ^ 0. This fact, combined with Equation (|13j) . the fact that sat(/^) is (3m — 1, 3n — 1)- 
regular fLemma l4.7p . and Lemma l3 . 71 shows that 

dime(i?/sat(/^))3m_i,3„_i = 3A:. 

Since C sat(/^), we have dimc(-R//^)3m— i, 3n-i > dimc(i?/sat(/2))3^ 

-l,3n-l = 3k. 

Therefore, Equation I|1U|) becomes 

dime Syz (/^)m-i,n-i = mn + dimc(-R//^)3m-i, 3n-i >mn + 3k. 

□ 
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Remark 4.10. Under the hypothesis of Lemma 14.91 the condition 



dime Syz (/^ 



Im—l, n—1 



> mn + 3k 



means that there are at least mn + 3k hnearly independent moving quadrics of bidegree (m — 
1, n — 1) which follow the parametrization (p. 

The construction of the matrix M whose determinant is the implicit equation of 5 = Im 
requires a careful choice of basis of the vector space of moving quadrics, which is facilitated by 
the following elementary linear algebra lemma. We will first establish the notation. 

Let the vector space F = Vi © V2 be the direct sum of two subspaces Vi and V2, and let 
W C V he a subspace such that Vi nW = {0}. Then the projection tt : V ^ V2 along Vi 
satisfies Ker (tt) = Vi, and Ker (7r)|vi/ = W nVi = {0}. In particular, 7r|iy is injective, so that 
dime W = dime ■7t{W) := k. Let B = {vi, . . . , 1;^} be a given basis of ¥2- 



Lemma 4.11. There is a subset Bi 
W such that 



{vh^, Vh^} C B and a basis C = {wi, ... , Wk} of 



Proof. Let {wi, 



■k{W(.) = Vfi^ + We, where We G Span {B \ Bi). 
Wk} be an arbitrary basis of W. Then 



Let A = [ttij]. Then multiply A on the left by an invertible matrix P so that PA = Q, where 
Q is in reduced row echelon form. Since ^ is a A; x / matrix which has Rank A = k (because 
dimcvr(14^) = k), there are k columns hi < h2 < • ■ ■ < hk which contain a leading 1 in rows 1 
to k, respectively. Let Bi = {fhi, • • • , "Vkj,}- Let the basis C = {wi, . . . , Wk} be defined by 



i.e.. We = Y!j=iPejWj. Then 



T^yWe 



where We € Span {B \ Bi 



Wl 




Wl 




= p 




_Wk_ 




Wk_ 




k 










i=i 






k 


I 



RoWeQ 



Vhe + We 



□ 



If P = Yli=o -^ii^^ ^' ^)^« ^ R[xi, X2, X3, X4] is any moving plane, and L{xq, xi, X2, X3) 
is any homogeneous linear polynomial. Then P • L is a moving quadric. Moreover, if P follows 
(p, then P ■ L also follows (p. If P is a set of moving planes, then V ■ L := {P ■ L : P ^ V}. 
Let T'(f,,m-i,n~i be the set of moving planes of bidegree m — 1, n — 1 which follow cp, i.e., 

(^0, Ai, A2, ^3)m-l,n-l G Syz (ao, ai, 02, a3)m-l,n-l- 
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Lemma 4.12. Let (/> : x ^ P^, and assume that 4> satisfies condition B6, so that 
Syz (ao, ai, 02)^-1, n-i = {0}. Let S = P<^,m-i,n-i; and letdimcS = k. Then Q = J2i=o'Sxi 
is a vector space of moving quadrics which follow (j), with dime Q = 4A;. 

Proof. We will apply Lemma |4 . 1 1 1 with the following identifications: 

• V = J2i=o{Pm-l,n-l)Xi = -R^-l,n-l' 

• ^1 = J2i=oi^m-l,n-l)Xi = -R^-l,ra-l' 

• V2 = {Rm-l,n-l)x3 = Rm-l,n-l, 

• W = S, and 

• 5 n Vi = Syz (ao, ai, a2)m-i,n-i = {0}. 

Let B = {s"t^X3 : < a<m — l,0<P<n — 1}. According to Lemma 14.111 there is a set 
B = {{ai, . . . , (a/c, (3^)} and a basis C = {Pi, . . . , P^} of S such that n^Pi), which is the 
part of Pi in {Rm-i,n-i)x3, has the form 

where i = 1, 2, . . . , k. We claim that {PjXj}*"^' j~Q is a linearly independent set. We need to 
show that if 

k 3 

(14) 5^J;q,P,x,=0 

i=l j=0 

where Cij € C, then we must have Cij = for all i, j. Since 

B" = {s^tf^XiXj :0<Q<m-l, 0</3<n-l, l<i<j<3} 
is a basis of ^Q^^^j^^{Rm-i,n-i)xiXj , and since Pi is the only element of C that contains the 
term s'^'t^'-x^, it follows that PiXj is the only term in H14|) that contains the basis element 
g'^ifPiXjXs and hence the coefficient of this term, namely Cij, must be 0. Thus Cij = for i = I, 
2, . . k and j = 0, 1, 2, and 3. Therefore, the moving quadrics coming from the moving planes 
that follow <j) are linearly independent, and hence dime Q = ^k. □ 

Theorem 4.13. Let : P^ x P^ — > P^ be given by (p[s,u;t,v) = [oq, ai, 02, 03] where each 
ai ^ R is a bihomogeneous polynomial of bidegree {m,n), and assume that the base point 
scheme of (j) satisfies conditions Bl - B6. Then 

dime Syz (/^)m_i_ „_i = mn + 3k. 

Proof If MQ : R^_i n-i R3m-i,3n-i is the map such that MQ{Aoo, Aqi, A33) = 
^o<i<j<3Aijaiaj, we have that 

lOmn — Rank (MQ) = dime Syz (/^)m--i,n-i 

is the number of linearly independent moving quadrics. If Rank (MQ) > 9mn — 3k, then 

dime Syz (1^)^-1, n-i = Wmn — Rank (MQ) < mn + 3k. 

But Lemma ll^ shows that dime Syz {L'^)m-i,n-i > mn+3k, and hence dime Syz (/^)m-i,n-i = 
mn + 3A; will follow, once we have shown that Rank {MQ) > 9mn — 3k. 

We now verify that this inequality is valid. Since satisfies condition B6, the proof of 
Lemma |4.1'21 shows that there is an indexed set B = {(ai, . . . , (a^, /3a,.)} and a basis of 
moving planes {Pi, . . . , Pk} such that 

2 

(15) Pi = s"'t^»X3 + Yl ho.ps''t^X3 + 

{a,mB j=0{a,f3) 
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where i = 1, 2, . . ., k. As with MP, the matrix representing MQ with respect to the standard 
bases is also denoted MQ. Thus the columns of MQ are indexed by 

A = {s^t^XiXj :0<a<m-l, 0</3<n-l, 0<i<j<3}. 

If 

Ap = {s'^H'^'XjXs, s^tf^xl :l<i<k,0<a<m-l,0<f3<n-l,0<j<2}, 

and A' = A\ Ap, then |A'| = lOmn— {mn + 3k) = 9mn — 3k. Let MQ' be the matrix obtained 
from MQ by deleting the columns indexed by Ap. Thus the nonzero elements of Ker (MQ') 
correspond to nontrivial syzygies: 

(16) Aooal + Aoiaoai + Ao2aoa2 + Ao3aoa3 + Aiial + Ai2aia2 + Ai3aia3 + A22al + A23a2a3 = 

where Aij is bihomogeneous of bidegree (m — 1, n — 1) and there are no terms in {^jsjf^o- 

Since every term contains gq, oi, or 02, we obtain: 

{Aooao + ^oioi + ^0202 + ^03123)00 + (^ii^i + ^1202 + ^1303)01 + (^2202 + ^2303)02 = 0, 
which means that 

(Bi, B2, B3) = (Aooao + ^oioi + Ao2a2 + Ao3a3, Anm + ^1202 + ^1303, ^2202 + ^23^3) 

is a syzygy of (oq, oi, 02). Each Bi has bidegree (2m — 1, 2n — 1) and 

Bi € (ao, ai, 02, 03) ^ sat(ai,ai, 02) 

by condition B5. Therefore, each Bi vanishes on the base point scheme of {ao, ai, 02). By 
condition B5, V(ao, ai, 02) = V(/), and thus, by B2, V(ao, ai, 02) C x is finite and each 
base point is a local complete intersections (condition B3). Since each has bidegree (m, n), 
while each Bi has bidegree (2m — 1, 2n — 1), we have (2m — 1 — 2m + l)(2n — 1 — 2n + 1) = 0. 
Therefore, all the hypotheses of Theorem 13 . 1 01 are satisfied, and we conclude that all syzygies 
of bidegree (2m — 1, 2n — 1) of (oq, ai, 02) that vanish on the base point scheme are in fact 
Koszul syzygies. Since (Bo, Bi, B2) is a syzygy that vanishes on V(ao, ai, 02), it follows that 
there are bihomogeneous polynomials hi, /i2, and /i3 in R of bidegree (m — 1, n — 1) such that: 

^oooo + -4oiai + ^0202 + ^0303 = hia2 + /i2ai 
Aiiai + Ai2a2 + ^1303 = — /i2ao + ^1302 
712202 + ^2303 = -hiao-h3ai. 
We can rewrite the above equations to get: 

(17) ^oooo + (^01 - ^2)01 + (^02 - ^1)02 + ^0303 = 0, 

(18) h2ao + Aiiai + {A12 - /i3)a2 + ^1303 = 0, 

(19) hiao + /i3ai + ^22^2 + ^23^3 = 0. 

We know that Aij is bihomogeneous of bidegree (m — 1, n — 1) and there are no s'^H^'- terms 
in {Ai3}'^^Q. Thus Equations (|17|) . (|18j) . (|19|) are nontrivial syzygies of (ao, ai, 02, 03) which 
correspond to moving planes P with no s"»t^*X3 term for 1 < i < k. But {Pi, . . . , P^} is a 
basis of moving planes. Any nonzero moving plane P = ciPi + • ■ ■ + c^Pk must have some 
nonzero term s°'^t^'-X3, since if Cj 7^ 0, then s"H^^X3 appears. 

Hence the nontrivial syzygies from Equations ()17() . (|18|) . (|19() cannot exist. Thus Ker {MQ') = 
{0}, so 

Rank (MQ) > Rank (MQ') = 9mn - 3k, 
as required, and hence we conclude that dime Syz (/^)m-i,n-i = + 3k. □ 
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Remark 4.14. Under the hypothesis of Theorem 14.131 the condition Syz (1^)^-1, n-i = mn + 
3k means that there are exactly mn + 3k hnearly independent moving quadrics of bidegree 
(m — 1, n — 1) that fohow the parametrization (j). Moreover, the proof shows that there are 
no nontrivial moving quadrics with nonzero coordinates coming only from the basis elements 
A' = A \ Ap (because Ker (MQ') = {0}). Hence any nontrivial moving quadric Q must have 
at least one nonzero coordinate from a term in the set 

Ap = {s'^H^'XjXs, s^tf^xl : l<i<k,0<a<m-l, 0<f3<n-l,0<j<2}. 

This observation will be key to the proof of Theorem 14.151 

li (p : xP^ ^ satisfies the base point conditions Bl - B6, then Lemma 14.51 shows that 
there are exactly k linearly independent moving planes AiV = {P-y}^^^ which follow (j), where 
k < mn is the total multiplicity of all base points of (p, and Theorem 14. 131 shows that there are 
exactly mn + 3k linearly independent moving quadrics M.Q = {Qt : 1 < t < mn + 3k} that 
follow (p. Each moving plane can be written as 

3 m—1 n—1 

P-y = '^AiXi = ^ '^P-y,al3ixo, Xi, X2, Xs)^"*^, 
i=0 a=0 (3=0 

and each moving quadric Qr can be written as (see Equation Q) 

m—1 n—1 

Qr= ^ AjjXjXj = y^Qr,a/3(a:o,a:i,X2,a;3)g"t^, 
0<j<i<3 a=0 (3=0 

where P'y,a(3{xo, xi, rE2, X3) is a homogeneous linear form and QT,a(3 is a homogeneous qua- 
dratic form in Xj with coefficients in C. Our goal is to choose the sets of moving planes MV 
and moving quadrics A^Q in such a way that all k of the moving planes and mn — k oi the 
moving quadrics can be combined into a single mn x mn matrix (which will depend on the 
choice of MV and MQ) 

/2Q\ ^ P'y,a(3{xo, Xi, X2, X3) 

[QT,a(3{xo, Xi, X2, Xs) 

such that the equation of the image surface S = Im ((/>) is given by the determinantal equation 
\M\ = 0, as long as (p is generically one-to-one. The strategy for constructing M is to start 
with an arbitrary basis MV of moving planes (consisting of k moving planes) , and then choose 
a basis of moving quadrics MQ (consisting of mn + 3k moving quadrics) in such a manner 
that 4A; of the moving quadrics are obtained by multiplying the moving planes of MV by each 
of the coordinate functions Xi (0 < i < 3). If these Ak moving quadrics are deleted from the set 
MQ, then the remaining mn — k are used for the matrix M of Equation ()2U() . The justification 
for this procedure constitutes the proof of our main result. 

Theorem 4.15. Let (/> : x P"^ — > be a parametrization of a surface S = Im {(p) C P'^. // 
<p is generically one-to-one and satisfies base point conditions Bl - B6, then a basis of moving 
planes MV and a basis of moving quadrics MQ can be chosen so that S is defined by the 
determinantal equation \M\ = 0, where M is the mn x mn matrix of Equation (|2flj) . 

Proof. By Lemma [4.51 dime Syz (oq, ai, 02, a3)m_i^„_i = k, and the proof of Lemma [4.121 
shows that there is an indexed set B = {{ai, f3i), . . . , (q^, /3fc)} and a basis of moving planes 
MV = {Pi, Pk} such that 

2 

(21) Pi = S-'t^»X3 + J2 KapS^'t^Xs + ^^,o.ps''t^Xj 

j=0(a,(3) 
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where i = 1, 2, . . ., k. By Theorem 14. 131 

dime Syz (7^)^-1, n-i = mn + 3k. 

We now describe how to produce a. convenient basis of Syz {l'^^m—-i, n—i- 

Let Va',Vap be subspaces oiV = 0o<i<j<3 (-Rm-i,n-i) XiXj = 72^_i „_i with bases A', Ap 
respectively, where (as in the proof of Theorem I4.13() 

A = {s^t^XiXj : < a < m - 1, < f3 <n-l, <i < j <3}, 

Ap = {s'^H'^'XjXs, s°'t'^xl :0<i<k, < a < m - 1, < P <n-l, 0<j<2}. 

and A' = A \ Ap. Then V = V\' Va^ and the proof of Theorem 14. 131 (namely, the proof that 
Kei (MQ') = {0}) shows that Syz {l'^)m-i,n~i C V satisfies 

Syz iI^)m-i,n-iriVA' = {0}. 

We conclude that if vr : y — > Vap given by 7r(f i + ^2) = V2 is the projection onto Vap along 
V\', then 7r|sy2 (/2)^_^^_^ is an isomorphism, since 

dime Syz {l'^)m~i,n-i = dime =mn + 3k. 

Thus A4Q = 7r^^(Ap) is a basis of moving quadrics that follow (j). 

Let QxjX3,i = vr~^(s"'t^*Xj3;3), for 1 < i < A;, and < j < 3. Since XjPi G Syz (7^)m-i,n-i, 
and -KiXjPi) = s'^HP- XjX3 (see Equation 0T|) . the fact that TT\syz {p)^_i „_i is an isomorphism 
shows that xjPi = QxjX3,i- Thus, we have identified the set of moving quadrics m M.Q which 
arise from multiplication of the moving planes in MV by the homogeneous coordinate functions 
Xj (0 < j < 3). These are excluded when forming the matrix M. 

Let Q^s = TT~^{s'^t^x'^), where 

(7, 6) G {{a, (3) ■.0<a<m-l, 0</?<n-l}\ {(a,, P^) : 1 < i < k} := Cp. 



These mn — k moving quadrics in the basis AiQ do not come from the moving planes of A4V 
by multiplication by {xi}f^Q. Thus, they can be combined with the k moving planes A4V to 
produce the matrix M. Hence 



(22) M 



Pi,al3ixo, Xi, X2, X3) 
Q-yS,af3{xo, Xl, X2, X3) 

where 1 < i < k and (7, (5) G Cp, and the columns are indexed by the monomial basis s'^t^ of 
Rm-i,n~i with 0<a<m — l,0<P<n — 1. 
The k moving planes Pi have the form 

2 



X 



{a,mB i=0(a,/3) 

while the mn — k moving quadrics Q-yS for (7, 6) G Cp have the form 

QyS = x'^s'^t^ + terms not involving x|. 

That is, the term s"*t^'X3 occurs in Pi, but in no other Pj for j 7^ i, while the term x'^s'^t^ 
occurs in Q.ys, but no other term of the form x'^s'^'t^' occurs in Q.ys. Thus the matrix M of 
Equation 1)22(1 will have k linear rows and mn — k quadratic rows in the variables xq, xi, X2 
and X3. Moreover, we can order the rows and columns in such a way that all of the X3 terms 
(one for each quadratic row) occur on the last mn — k diagonals, while the the first k diagonals 
have the term 2:3 coming from the terms s"'t^'X3 in Pj {1 ^ i ^ k). Thus, after appropriate 
ordering of the rows and columns, M will have the form 
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M 



X2, + 



4 + 



There are k hnear rows and mn — k quadratic rows, so the determinant of M contains the 
term Xg™""'^, which occurs in the multiphcation of the diagonal entries. Since the term 
appears only in the last mn — k diagonal entries, and in the upper left k x k block, the term 
X3 appears only on the diagonal, it follows that 2mn — k is the highest power of X3 that can 
appear in |M|, and this power appears with nonzero coefficient. Thus |M| is not identically 
zero. Since M contains mn — k rows of quadratic terms in Xi and k rows of linear terms in Xi, 
the total degree of \M\ is 2mn — k. By construction, the rows of M represent moving quadrics 
and moving planes that follow the surface, and hence, when Xi is replaced by Oj it follows that 
the columns of M are linearly dependent. Therefore, \M\ vanishes for points on the surface. 
From the degree formula 

deg(0) deg(5') = 2mn — multiplicity of the base point 

base points 

and the fact that (j) is generically one to one, and the total multiplicity of all base points is k, 
we conclude that degS = 2mn — k. But this is the same degree as |M| so \M\ = must be the 
implicit equation of the image of (p. □ 



Example 4.16. Consider 
ao 



: X pi 



u^tv + s'^tv, ai 



p3 given by the following parametrization: 
a2 



s^v"^ + s^t^, 03 



s^tv. 



Here m = n = 2, V(ao, ai, ^3) = (0 : 1;0 : 1) and the multiplicity of the single base point 
is one. This base point is a local complete intersection and degV(/) = 1. Using Singular [7], 
one can verify that the base point conditions Bl - B6 are satisfied, since dimc(i?//)3,3 = 1, 
03 G sat(ao, ai, 02) and dime Syz (oo; oi; 02)1,1 = 0. Also, by Singular, we find one moving 
plane of bidegree (1,1) which is 

-X2 + tx^ + SXi + St(x3 - Xq) 

and three linearly independent moving quadrics of bidegree (1,1) which are complementary to 
Xi{—X2 + tx^ + sxi + st(x3 — xo)) for i = 0, 1, 2, 3: 

X0X3 + t(xoX2 + X1X3 + X2X3) + s(-XoX3 + X3) 
(X1X3 - X2X3) + t(xoX3 + 2x|) + s(-XoX2 + X1X3 + X2X3) 
(X2 - X3) + t(-X^X3) + s(xoX3 - X1X2 - X3) + stXiX3 



Thus the matrix M is 



M 



-X2 

X0X3 
X1X3 - X2X3 



x% 



X0X2 + X1X3 + X2X3 
X0X3 + 2x| 

— X^X3 



Xi X3 - Xo 

-X0X3 + x| 
-X0X2 + X1X3 + X2X3 
X0X3 - X1X2 - X3 X1X3 
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and 

U/Tl— 34_i_222 _l24 , 222, 

^iVl I — XqX^ \ XqX-^X^X^ -\- XqX^^A ~r XqX-^X2^^ ~r 

32 42 43 223 43 

2xqX]^X2^3 ~^ *^0*^2*^3 *^0'^3 SXqX^^X^ X-^X^ ~\~ 

— X2X^ + SXqxI + X0X1X3 — 7X0X1X2X3 — 6xoX2x| — 9xqx| 

+xfx| + 4xiX2x| + 3x2x| + 7x0X3 - 2x1. 

Thus the theorem gives |M| = as the imphcit equation of S = Im ((/>). Note \M\ is a 
polynomial of degree 7 which is the same as the degree of the parametrized surface. 
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